For the representation of eigenstates on a Poincaré section at the boundary of a billiard different variants have been proposed. We compare these Poincaré Husimi functions, discuss their properties and based on this select one particularly suited definition. For the mean behaviour of these Poincaré Husimi functions an asymptotic expression is derived, including a uniform approximation. We establish the relation between the Poincaré Husimi functions and the Husimi function in phase space from which a direct physical interpretation follows. Using this, a quantum ergodicity theorem for the Poincaré Husimi functions in the case of ergodic systems is shown.
Introduction
The study of eigenfunctions of quantum systems, in particular their dependence on the classical dynamics, has attracted a lot of attention. A prominent class of examples is provided by twodimensional billiard systems, which are classically given by the free motion of a particle inside some domain with elastic reflections at the boundary. The corresponding quantum system is described by the Helmholtz equation inside a compact domain Ω ⊂ R 2 (in units = 1 = 2m),
with (for example) Dirichlet boundary conditions
where the eigenfunctions ψ n (x) are in L 2 (Ω). Assuming that the eigenvalues k 2 n are ordered with increasing value, the semiclassical limit corresponds to n → ∞. A detailed knowledge of the behaviour of the eigenvalues k 2 n and the structure of eigenstates is relevant for applications, for example microwave cavities or mesoscopic systems (see e.g. [1] and references therein).
For the description of the phase space structure of quantum systems usually the Wigner function [2] or Husimi function [3] are used. However, for a system with d degrees of freedom these are 2d-dimensional functions, which are difficult to visualize for d > 1. Therefore, one usually considers the position representation, or the momentum representation [4] , or sections through the Wigner or Husimi function, see e.g. [5] .
Another approach is the use of representations on the billiard boundary, acting as a global Poincaré section. In the literature one can find several variants for these representations, see e.g. [6, 7, 8] . The reason is, as emphasized in [7] , that there is no natural definition of a scalar product for functions on the billiard boundary. This raises the question whether one of these definitions has advantages over the others, which will be addressed in the following.
The representation of eigenstates on the Poincaré section plays an important role in several applications. For example, it is used to define scar measures [8, 9] , or to study conductance fluctuations, see [10] and references therein. Furthermore, these representations are used to determine the coupling of leads in open systems [11] . Another important application is the detection of regions where eigenstates localize, see e.g. [12, 13, 11] (for an alternative approach based on the scattering approach see [14, 15] ). Representations of eigenstates on the Poincaré section have also been useful to understand the behaviour of optical microresonators, see e.g. [16] and references therein. More generally, the approach is not just applicable for billiard systems but it is also useful for Poincaré sections arising from Bogomolny's transfer operator approach [17] .
In this paper we first compare two different definitions for the Poincaré Husimi representation, discuss their properties (section 2) and based on this we select one particular definition for the following. In section 3 we derive the behaviour of these Poincaré Husimi functions when averaged over several energies. In section 4 we establish a relation between the well-known Husimi function in phase space and the Poincaré Husimi function on the billiard boundary. This allows for a direct physical interpretation of the Poincaré Husimi functions. Moreover, for ergodic systems a quantum ergodicity theorem for the Poincaré Husimi functions is shown.
Husimi representation on the boundary
is given by its projection onto a coherent state, i.e.
Here
is the scalar product in Ω, and ψ 1 denotes the complex conjugate of ψ 1 . The coherent states are defined as
where (p, q) ∈ R 2 × R 2 denotes the point in phase space around which the coherent state is localized, and B is a symmetric complex 2 × 2 matrix which determines the shape of the coherent state. For the conventional coherent states one has B = i 1 0 0 1 an in general one has the condition Im B > 0, i.e. v, Im B v > 0 for all v ∈ R 2 \{0}. Notice, that because the variance of the coherent states is proportional to k, all Husimi functions are concentrated around the energy shell |p| 2 = 1 (and not around |p| 2 = k 2 ). By this it is possible to compare Husimi functions with different energies k 2 n , and for example consider their mean, see (7) below. Such Husimi functions can be interpreted as probability distributions on phase space, because they satisfy the relation
where a(p, q) is a function on phase space and A its quantization. Moreover, the average of all Husimi functions H B n (p, q) up to some energy k 2 = E converges for k → ∞ to the normalized invariant measure on the energy shell,
Here N(k) denotes the spectral staircase function, N(k) := #{k n ≤ k}, and χ Ω (q) is the characteristic function on Ω. The mean behaviour (7) is similar to the mean behaviour of the spectral staircase function, which is given by the Weyl formula, i.e. for k → ∞ one has
where A is the area of the billiard. A similar asymptotic behaviour can be derived for the mean of normal derivative functions, see [19] for a detailed discussion.
For billiards an extremely useful approach for describing the dynamics is the use of a Poincaré section P together with the corresponding Poincaré mapping P . Usually the section P := {(q, p) | q ∈ [0, vol(∂Ω)], p ∈ [−1, 1]} is parameterized by the arc-length coordinate q along the boundary ∂Ω of the billiard and the projection p of the (unit) momentump after the reflection on the tangentt(q), i.e. p = p,t(q) . By this the billiard flow induces an area-preserving map P : P → P where the invariant measure is given by dµ = dq dp.
In order to have the advantages of such a reduced representation in quantum mechanics as well, one is interested in a Husimi representation h n (q, p) on the Poincaré section P which is associated with an eigenstate ψ n . Such a Poincaré Husimi function should have similar properties as the ones expressed by relations (6) and (7) for the Husimi functions in phase space, and our aim is to study to what extent this is possible. More precisely, one would like that for the Husimi function on the billiard boundary a spectral average
tends to the invariant measure on P as k → ∞, in the same way as in (7) . The Husimi representation on the billiard boundary is usually defined using the normal derivative of the eigenfunction (hereafter called the boundary function)
where x(s) is a point on the boundary ∂Ω, parameterized by the arc-length s andn(s) denotes the outer normal unit vector to ∂Ω at x(s). The boundary functions are a natural starting point for defining a Husimi representation because they determine the eigenfunctions uniquely, see (29) . Thus the boundary functions form a reduced representation of the system. If an eigenfunction ψ n is normalized, then the corresponding boundary function u n fulfils the normalization condition [21] 1 2
For alternative derivations of (10) and more general boundary conditions see [22, 23] . Notice that while the integrand depends on the chosen origin for the vector x(s), the integral is independent of this choice.
Starting from the boundary function a Husimi function on the Poincaré section can be defined by a projection onto a coherent state. There are different possibilities to define coherent states on the boundary of a billiard. A natural choice is the periodization of the usual onedimensional coherent states,
where (q, p) ∈ ∂Ω × R, and L denotes the length of the boundary. The parameter b ∈ , Im b > 0, determines the shape of the coherent state. Then for an eigenstate ψ n with boundary function u n a Husimi function on the Poincaré section P (or more precisely, on the cylindric phase space ∂Ω × R) can be defined as [6, 7] 
The completeness relation for the coherent states gives so in view of relation (10) the Poincaré Husimi function h n (q, p) will in general not be normalized. This can be fixed by dividing h n (q, p) by the factor 1 k 2 n |u n (s)| 2 ds, as was done for instance in [12, 13] . But later on we will see that it is more natural to work with the non-normalized Husimi functions (12) .
A different Poincaré representation has been proposed in [8] , Plot of H k (q, p) for k = 125 using the first 2000 eigenstates in the limaçon billiard of odd symmetry at ε = 0.3. In a) the result for H k (q, p) using definition (12) for h n (q, p) is shown and in b) a corresponding H k (q, p) using definition (14) is displayed. In addition to the symmetry related dips at (q, p) = (0, 0) and (L/2, 0) one clearly sees the variation in p-direction in both cases and in b) we moreover observe a variation in q.
where the inclusion of the factor n(s), x(s) is motivated by its appearance in the normalization condition (10) . In order to compare the two definitions, we use the fact that for large k the coherent state becomes more and more concentrated around s = q and so n(s),
. This leads to the relatioñ
between the two definitions for Husimi functions. Let us first illustrate the behaviour of the Husimi representation given by (12) . As a concrete example we consider a member of the family of limaçon billiards introduced by Robnik [24, 25] , whose boundary is given in polar coordinates by ρ(ϕ) = 1 + ε cos(ϕ) where ε ∈ [0, 1] is the family parameter. At ε = 0.3 the billiard has a mixed phase space (see figure 1 in [12] ) and at ε = 1 it turns into the fully chaotic (i.e. ergodic, mixing, . . . ) cardioid billiard. Because of the symmetry of the billiard we consider the half limaçon billiard with Dirichlet boundary conditions everywhere. Fig. 1 shows a comparison of eigenstates ψ n (q) with their Husimi representations h n (q, p) as grey-scale plots with black corresponding to large values. For the computations b := iσ −1 = i was chosen. In a) an eigenstate which is localized around a stable periodic orbit with period three is shown which is clearly reflected in its Poincaré Husimi function to the right. The symmetry h n (q, p) = h n (q, −p) is due to the time-reversal symmetry of the system and the symmetry h n (q, p) = h n (L − q, p) stems from the reflection symmetry of the system. The plots in fig. 1b ) and c) are at ε = 1.0, i.e. for the cardioid billiard. The eigenstate shown in b) is localized around an unstable periodic orbit of period two which is also nicely seen in the prominent peaks for the corresponding Poincaré Husimi function. In c) an irregular state in the cardioid billiard is displayed which is spread out over the full billiard and also h n (q, p) does not show any prominent localization.
Now we turn to a comparison of the two Poincaré Husimi representations given by (12) and (14) . In figure 2 a plot of H k (q, p) is shown where k = 125.27 . . . is chosen such that the first 2000 states are taken into account. Both definitions, equations (12) and (14) , lead to a similar non-uniform behaviour of H k (q, p) in p direction. We will discuss this behaviour in more detail in the following section. In addition we observe that H k (q, p) has a minimum at (q, p) = (0, 0) and (q, p) = (±L/2, 0) which is due to the desymmetrization. Figure 2b) shows a plot ofH k (q, p) which is defined as H k (q, p), but instead of h n (q, p) the functionsh n (q, p) are used, see definition (14) . In this case we observe in addition a clear variation in q. The reason for this is the factor n(q), x(q) as explained by relation (15) . Another important point is that the definition (14) depends on the chosen origin as the factor n(q), x(q) does, and therefore the integrals in equation (14) are not invariant under a shift of the origin. Because of the variation ofh n (q, p) in q and the dependence on the origin we prefer the definition (12) and will use this exclusively in the following.
Mean behaviour of boundary Husimi functions
In this section we determine the asymptotic behaviour of the mean H k (q, p) of the boundary Husimi functions for large energies. To this end we will use the methods from our previous work [19] . Let us introduce
where [19] and an asymptotic expansion was derived. Its leading term reads
where x(s) denotes the position vector on the boundary at point s,n(s) denotes the outer unit normal vector to the boundary at s andê(ϕ) = (cos ϕ, sin ϕ) is the unit vector in direction ϕ.
Multiplying (17) 
The s-integral can be computed by the method of stationary phase,
where κ(q) is the curvature of the boundary at q. Inserting this result we obtain
and for |p| < 1 the ϕ-integral can again be solved by the method of stationary phase (notice that there are two stationary points) which yields
By integrating this equation, and using a delta sequence for ρ as in proofs of the Weyl formula (see e.g., [26] ), we finally obtain
In the derivation of (22) from (21) we have assumed that |p| < 1 because then the stationary points are non-degenerate. For |p| > 1 the stationary points become complex and the integral is exponentially decreasing for k → ∞.
Previously, such a 1 − p 2 behaviour appeared in the context of Fredholm methods for Poincaré Husimi functions [27] and was also obtained in connection with the inverse participation ratio [9] .
Next we want to derive a uniform approximation which describes the mean behaviour of the Husimi functions near |p| = 1 and the crossover from the regime |p| < 1 to the exponential decrease for |p| > 1. We will study the case p ≈ 1, the case p ≈ −1 is completely analogous. Let ϕ 0 be the angle corresponding to the direction oft(q) and expanding the amplitude and phase function in (21) around ϕ 0 leads to
where D −3/2 (x) denotes the parabolic cylinder function and we have used one of the standard integral representations, see e.g. [28] . This result was derived under the assumption p ≈ 1 such that (p 2 − 1) ≈ 2(p − 1). Substituting (p − 1) by (p 2 − 1)/2 allows to combine the results for the different p-regions in one formula
where
For |p| < 1 one has
Recall, thatb is defined in equation (20) . In figure 3 we compare the expression (26) with |b| 2 / Im b = 1 for different values of k. It is clearly visible that the asymptotic result is reached slowly with increasing k.
Integrating (26), analogous to the transition from (22) to (23), one can compare the uniformized mean behaviour with the numerical result. In figure 4 a section of H k (q, p) at q = 3.0 is shown for k = 125, compare with figure 2a). The remaining differences are due to higher order corrections.
In the derivation of the results (22) and (25) we have implicitly assumed that the boundary of Ω is sufficiently smooth, because only then we can use the stationary phase formula. But it is easy to extend the results to the case that the boundary is only piecewise smooth. Since we 
where µ S (p, q) dp dq is a measure supported on the singular part of the boundary. Since h n (q, p) is positive, and n(q), x(q) h n (q, p) dpdq = 1 and 1 2 n(q), x(q) 2 Aπ 1 − p 2 dpdq = 1 and therefore 1 −1 ∂Ω n(q), x(q) µ S (p, q) dq dp = 0 .
But for a star-shaped billiard one can choose the origin of the coordinate system such that n(q), x(q) > 0 for all q ∈ ∂Ω, and so µ S = 0. Therefore (22) and (25) remain true for star-shaped billiards with piecewise smooth boundary with the only possible modification that the error term might decay more slowly at the singular points of the boundary.
From Husimi functions in phase space to Husimi functions on the boundary
In this section we derive a direct relation between the Husimi function in phase space and the one on the Poincaré section, as given by eq. (12) . By this we obtain a physical interpretation of the Poincaré Husimi representation. For the calculations in this section we have to assume that the billiard domain Ω is convex. Let ψ be a solution of the Helmholtz equation (1) in Ω which satisfies Dirichlet boundary condition on ∂Ω. Any such function can be represented as
where G k (x−y) is a free Green function and u(s) is the normal derivative of ψ on the boundary. Let ψ z be a coherent state (5) centered at z = (p, q) ∈ T * R 2 , for reasons of simplicity we restrict ourselves to the case of a non-squeezed symmetrical state, i.e. B = i 1 0 0 1 , and omit the index B in the following. We want to compute the overlap ψ, ψ z , given by
and we observe that
is the resolvent operator, whose kernel is the Green function. From equation (31) we see that the function G † k ψ z is restricted to the billiard boundary. For the resolvent operator we use the integral representation
where U(t) = e i k t∆ is the free time evolution operator with 1/k playing the role of , and inserting equation (33) into (31) we obtain
But the free time evolution of a coherent state centered in z is well known (see e.g. [29, 30] ) to give again a coherent state, centered around the image of z under the classical flow and with transformed variance,
with q(t) = q + 2tp. Therefore, G † k ψ z (x) has the structure of a Gaussian beam emanating from the point q in direction p backwards in time. If we introduce a new coordinate system x = (x || , x ⊥ ) centered at q with x || parallel to p and x ⊥ perpendicular to p, we obtain by a stationary phase approximation that for x ⊥ and 1 − |p| small (i.e. near the energy shell)
holds, where we have assumed that x || < 0. For x || ≈ 0 and x || > 0 the integral leads to an error function which describes the transition from the exponentially decaying regime with x || > 0 to the regime x || < 0 in (36). For |p| = 1 the result reads
where erfc(z) denotes the complementary error function, and the absolute value of this expression is shown in figure 5 . Next we want to evaluate this expression on the boundary. To this end, let x(q) be the point of intersection between the boundary and the line from q in direction −p. (Here we need the assumption that the billiard domain Ω is convex, in order that there is only one such point.) Then we obtain with 
where c b (q,p),k (s) is a coherent state on the boundary, as defined in (11), with variance b =
. Notice that although we started with a symmetric coherent state in the interior, the projected coherent state on the boundary is no longer symmetric and has a non-trivial squeezing parameter b which depends on the position of the original state, the angle of intersection of the ray in direction −p with the boundary and the curvature of the boundary.
If we insert the expression (40) into (30) we obtain a semiclassical relation between the projection of an eigenstate onto a coherent state in the interior and the projection of the normal derivative on the boundary onto a coherent state on the boundary,
In particular, relation (44) implies an asymptotic normalization condition on h n (q, p),
Since l(q, p)dq dp is the phase space volume in the energy shell corresponding to the volume element dq dp of the Poincaré section, the factor l(q, p) can be viewed as a normalization which makes h n (q, p) independent of the billiard shape, i.e. for any D ⊂ ∂Ω × [−1, 1], we get that D h n (q, p)l(q, p)dq dp is the probability for the particle in the state ψ n to be found in the region D := Π −1 D on the energy shell, where the map Π describes the projection of the domainD to the boundary.
We would like to close this section with some remarks on the implications of quantum ergodicity to the behaviour of the Poincaré Husimi functions. If the classical billiard flow in Ω is ergodic, then the quantum ergodicity theorem [32, 33] (see [20] for an introduction) tells us that almost all Husimi functions H n (p, q) tend weakly to 1 2π vol (Ω) . Our result (42) then immediately implies that in the semiclassical limit almost all Poincaré Husimi functions h n (q, p) tend to 2 π vol(Ω) 1 − p 2 in the weak sense. So this proves a quantum ergodicity theorem for the boundary Husimi functions. Recently related results have been obtained establishing quantum ergodicity for observables on the Poincaré section [32, 34, 35] . Notice that the 1 − p 2 behaviour is also visible in the plot of h n (q, p) for the irregular state shown in fig. 1c ) for the ergodic cardioid billiard.
Summary
Poincaré representations of eigenstates play an important role in several areas. However, a priori there is no unique way for their definition. In this paper we single out the definition given by (12) and show that the asymptotic mean behaviour of these Husimi functions is proportional to 1 − p 2 . For this asymptotic semi-circle behaviour we in addition derive a uniform asymptotic formula. Furthermore we establish a direct relation between the Husimi function in phase space and the Poincaré Husimi function (12) on the billiard boundary. By this a physically meaningful interpretation, see equation (42), of the previously ad-hoc chosen definition for the Poincaré Husimi function is obtained. Namely, the Poincaré Husimi function h n (q, p) can be viewed as a probability density on the Poincaré section. For ergodic systems our result implies a quantum ergodicity theorem for the Poincaré Husimi functions, i.e. almost all Poincaré Husimi functions become equidistributed with respect to the appropriate measure.
